Introduction
The theory of approximation of operators in a Hilbert space by diagonal (and block-diagonal) operators was widely developed. One says that any normal operator F is diagonal if F -^ • A;?;, A, £ C, for some orthonormal basis (ei). We denote e• = (•, e)e for e € H, ||e|| = 1.
Many problems in differential equations and dynamically systems described by Hamiltonians are connected with such approximations (see, for example, [7] ). Let us mention (as the most interesting results in that direction) the following classical results. The Weyl-von Neumann theorem states that, for any selfadjoint operator A, a perturbation Y for which A -f Y is diagonal can be found with the arbitrarily small Hilbert-Schmidt norm ||F|| 2 ([7] , [8] compare also [1] , [4] , [5] , [6] ). Voiculescu in his theorem states the same for any normal operator A. His proof is more algebraic (and more complicated). Both those results have a number of extensions and applications [9] . Some other aspects of compact perturbations can be found in [2] .
In that note we show, by an extension of the method of von Neumann, that his classical result can be improved in the following way. One can require that the perturbation Y of a selfadjoint operator A (with ||y|| 2 arbitrarily small and A + Y diagonal) can additionaly satisfy YP = 0 for any given finite-dimensional orthogonal projection 0 (Theorem 2.3).
We also show that the classical von Neumann theorem gives an analogous approximation for any projection I (not necessarily selfadjoint). Namely, It seems interesting to obtain the perturbation Y in the Voiculescu theorem (and in our Theorem 3.1 for projections) with the additional requirement that YP = 0 for a given finite-dimensional orthogonal projection P. This will be done in the next part of the paper.
Extension of the Weyl-von Neumann theorem
Let H be a separable Hilbert space.
2.1. THEOREM (Weyl-von Neumann [6] , [7] , [8] 
Proof. Assume that A = f^ XdE(X) is the spectral representation of A. This is a harmless assumption involving no loss of generality. Let m be a positive integer (to be determined later). Proof. One may assume that A = f 0 XdE(\) is the spectral representation of A. Let P be an orthogonal projection, dimP = n and /i,.. .,/" an orthonormal system in PH. Suppose that e > 0.
Step 1. Apply Lemma 2.2 to /x such that y/njl < e. The result is the finite-dimensional orthogonal projection To and the operator lo, such that A + y 0 is reduced by T 0 H, ||y 0 ||</i; dimy 0 <8-, Tj-fi = 0,t = l,...,n; Pb|| 2 < ||y 0 ||\Än < e -.
Step 2. Apply the Weyl-von Neumann theorem to the part of the bounded operator A + YO, acting in the subspace (1 -TQ)H. The result is the selfadjoint operator Y\ in (1-TO)H\ with the Hilbert-Schmidt norm ||yi|| 2 < E/2 and the diagonal operator A + y 0 + Y\ in (1 -P 0 ) H.
Define Y = y 0 +YI to finish the proof. (E(A x )) 2 for A 2 < A). By analogy to a selfadjoint diagonal operator A = Yli At ej, Aj 6 R, where {ej} is an orthonormal system, we shall consider the projection of the form (2) I(-) = Y,(-> e iK e i + X ifi)> i where {e;} U {/¿} is an orthonormal system, to have an equally elementary form.
In this section, as a corollary from the Weyl-von Neumann theorem we obtain Let us begin with some elementary properties of projections. An arbitrary projection I is uniquely described by two closed subspaces K, F of the space H which are, respectively, the kernel and the set of fixed points of the operator I:
for all x € H. Then K + F = H,Kf)F = $. Two orthogonal projections P, Q are said to have a generic position if and, moreover, F 3 , /t' 3 have a generic position in H3. Therefore it is sufficient to deal with an approximation of a projection I for which F, K have a generic position. We shall call such an I generic position. It is easy to verify that a generic projection can be represented in the form It is obvious that we may assume a,-to be positive. It is enough to denote 
